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Abstract 
There exist in the literature many examples of different knots or links with homeomorphic 
cyclic branched coverings. In this paper we study the case of hyperbolic links. We show that a 
hyperbolic link with r components, if r does not divide R, is determined by its n-fold cyclic 
branched coverings. 0 1997 Elsevier Science B.V. 
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1. Introduction 
Many authors have considered the following problem: for which values of n is a knot or 
a link in the 3-sphere S3 determined by its n-fold cyclic branched coverings? Kojima [4] 
has showed that two prime knots are equivalent (that is there exists a homeomorphism 
of S3 mapping one onto the other) if they have homeomorphic n-fold cyclic branched 
coverings for some n sufficiently large. Sakuma [7] and Nakanishi [5] have constructed 
nonequivalent prime knots with homeomorphic n-fold cyclic branched coverings: there 
exist moreover nonequivalent composite knots whose n-fold cyclic branched coverings 
are homeomorphic for every n. Boileau and Flapan [l] have considered the class of 
7r-hyperbolic knots (that is 5’” admits a metric of constant negative curvature which 
becomes singular folding with an angle T around the knot) and have given sufficient 
conditions for such knots to be determined by their 2-fold and 4-fold cyclic branched 
coverings. Finally Zimmermann [lo] has proved that, if n does not divide the order of 
the symmetry group (which is finite) of a hyperbolic link, then the link is determined by 
its n-fold cyclic branched coverings. In this paper we obtain some results for the class 
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of hyperbolic links. We show that a hyperbolic link with r components, if r does not 
divide n, is determined by its n-fold cyclic branched coverings. The techniques used in 
the paper are algebraic and close to those in [lo]. The same approach has been used 
in [6] to classify the dihedral branched coverings of a class of hyperbolic 3-orbifolds. 
A link L is hyperbolic if its complement S3 -L admits a complete hyperbolic structure 
of finite volume. A link is 27r/n-hyperbolic for n > 2 if S3 admits a metric of constant 
negative curvature which becomes singular folding with an angle 2n/n around each 
component of the link. As remarked in [IO] for n 3 3 (with the unique exception of 
the figure-g-knot which has a Euclidean orbifold structure for n = 3) the class of 2rr/n- 
hyperbolic links coincides with the class of hyperbolic links (see [9] for basic theory 
about orbifolds). We will denote by 0, (L) the 3-orbifold whose underlying topological 
space is S3 and whose singular set is L with singular order n. To say that L is a 2r/n- 
hyperbolic orbifold is equivalent to say that O,(L) IS a hyperbolic 3-orbifold. Given 
a link L, its hyperbolicity or 27r/n-hyperbolicity can be checked by Dunbar’s list of 
nonhyperbolic orbifolds with underlying topological space S3 [2] or by computer using 
Weeks’ SnapPea program [3]. 
Let L be a link in the 3-sphere S3 with r components Ki (i = 1, . . . , r) and let rni 
be an oriented meridian of Ki. The orbifold fundamental group of O,(L) is 
n1 (on(L)) = XI (S” - L)/(mT_, . . . , mp). 
Any surjection 
defines a n-fold cyclic branched covering M of 0, (L) with ~1 M 2 kernel $. We will 
assume that 1c, maps the homotopy class of each meridian of L to a generator of the 
cyclic group Z, (these branched coverings are called strongly cyclic in [lo]). In this case 
M is a closed 3-manifold and the preimage of L in M is a link z with the same number 
of components as L. The complement of x in M is the regular unbranched covering of 
the complement S3 - L of L corresponding to the kernel of the composition (denoted 
by the same letter) 
?I, : 7r] (9 - L) + 7rl (C&(L)) -3 z,. 
Moreover x is the fixed point set of the cyclic group of covering transformations of M. 
It should be noted that if 0, (L) is hyperbolic, then all n-fold cyclic branched coverings 
of L are hyperbolic manifolds with the same volume. As a consequence of Mostow’s 
rigidity theorem (see [9]) the isometry groups of O,(L) and its n-fold cyclic branched 
coverings are finite. Our main results are the following: 
Theorem 1. Let A4 and M’ be strongly cyclic n-fold branched coverings of the 2?r/n- 
hyperbolic links L and L’ respectively each with r components. Suppose that r does not 
divide n. Then, if M and M’ are homeomorphic, the links L and L’ are equivalent. 
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Theorem 2. LKt M and M’ be strongly cyclic n-fold branched coverings of the 2n/n- 
hyperbolic links L and L’ respectively each with T components. Suppose that the isome- 
tries of c?,(L) are (fixed-point) free. Then, if M and M’ are homeomorphic, the links 
L and L’ are equivalent. 
Theorem 3. Let M and M’ be strongly cyclic n-fold branched coverings of the 2n/n- 
hyperbolic links L and L’ respectively each with r 3 2 components. Suppose that two 
components of L have different length in O,(L) and that two components of L’ have 
different length in O,(L’). Then, if M and M’ are homeomorphic, the links L and L’ 
are equivalent. 
Note that Theorems 1, 2 and 3 make sense also in the case of a single link L = L’. 
In this form they can be used to classify the various strongly cyclic n-fold branched 
coverings of a fixed link L up to equivalence. Two maps +I : 7rl(O,(L)) -+ Z, and 
$2: 7b(cL(L)) + &I are called equivalent if there exist a homeomorphism @ of 0, (L) 
and an isomorphism f of Z, such that f$+ = $24 where 4 is the automorphism of 
~1 (O,(L)) induced by @. In this case, Theorems 1, 2 and 3 assume the form: 
Theorem 1’. Let Mi (i = 1,2) be a strongly cyclic n-fold branched covering of the 
2r/n-hyperbolic link L with r components defined by u map & : ~1 (On(L)) + Z,. 
Suppose that r does not divide n. Then, if Ml and M2 are homeomorphic, $1 and q2 
are equivalent. 
Theorem 2’. Let Mi (i = 1,2) be a strongly cyclic n-fold branched covering of the 
2rln-hyperbolic link L defined by a map & : ~1 (O,(L)) + Z,. Suppose that the isome- 
tries of O,(L) are (fixed-point) free. Then, if Ml and M2 are homeomorphic, $1 and q2 
are equivalent. 
Theorem 3’. Let M% (i = 1,2) be a strongly cyclic n-fold branched covering of the 
2rln-hyperbolic link L with at least two components defined by a map & : ~1 (O,(L)) + 
Z,. Suppose that two components of L have different length in O,(L). Then, ifM1 and 
I& are homeomorphic, $1 and $2 are equivalent. 
In [I I] Zimmermann has proved that if n does not divide the order of the symmetry 
group of a link with two components, then the strongly cyclic n-fold branched coverings 
of L can be classified in the same way as the lens spaces (which are the cyclic branched 
coverings of the Hopf link). As a consequence of Theorem 1’ the same classification 
goes through for every n odd even if the condition on the symmetry group of L is not 
fulfilled. 
2. Proof of Theorems 1,2,3 
We will need the following: 
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Lemma 4. Let L be a 2r/n-hyperbolic link and M a strongly cyclic n-fold branched 
covering of L. Let i be an isometry of M covering a nontrivial orientation-preserving 
isometry g of O,(L). S u pp ose that 6 fixes pointwise a link Q with k components. Then 
also g has a nonempty fixed-point set and the number k divides n. Moreover all the 
components of Q have the same length in M. 
Proof. If 5 has a nonempty fixed point set Q then g has also a nonempty fixed-point set 
Fixg containing the projection of Q in c?,(L). By Smith fixed-point theory in S3, Fixg 
is connected and homeomorphic to St. 
If Fix g n L # 8, then either Fix g coincides with one component of L or g has order 
2 and its restriction to some component of L is a reflection. In both cases the preimage 
l% g of Fix g in M is connected. Because Q c l% g, then Q also is connected and the 
Lemma is proved. 
Suppose now Fix gnL = 8. Denote by 111: z-1 (O,(L)) + Z, the surjection defining M. 
Let k(g) be the greatest common divisor of n and $( [Fix g]) where [Fix g] is the homotopy 
class of Fix g in 7ri~] (0, (L)). With this notation the preimage l% g of Fix g in M is the 
disjoint union of k(g) simple closed curves. Denote by H the cyclic group (H E Z,) of 
covering transformations of M and by h a generator of H. Because 5 covers the isometry 
g of O,(L), then the isometry 3’ =: hgh-’ also covers g. Moreover the fixed-point set 
of 3’ is the image h(Q) of the fixed-point set Q of 3 and it is a link with k components 
contained in l% g. 
We claim that either Q and h(Q) coincide or are disjoint. To prove this, suppose that 
Q n h(Q) is not empty and contains a simple closed geodesic y. Both the two groups 2; 
and 6’ generated by 5 and 9’ respectively are cyclic groups of isometries with the same 
order and locally act as groups of rotations around each component of their fixed-point 
sets Q and h(Q) respectively. In particular G and (? locally act as groups of rotations 
with the same order around y. It follows that G = G’ and that their fixed-point sets 
Q and h(Q) coincide. Hence we have proved that either Q and h(Q) coincide or are 
disjoint. 
Because h permutes transitively the k(g) components of 6&g, we conclude that the 
number k of components of Q divides the number k(g) of components of I%. g and thus 
divides n. This proves the first part of Lemma 4. 
The second part of Lemma 4 follows from the fact that h is an isometry and permutes 
transitively the components of Q. 
This finishes the proof of Lemma 4. 0 
We now come to the proof of Theorems 1, 2 and 3. We need the following result 
which can be found in [8, Chapter 2, 1.51: 
Proposition 5. Let H be a subgroup of a finite p-group G. Then either H is normal in G, 
or a conjugate subgroup XHX-’ of H difSerent from H is contained in the normalizer 
NG(H) of H in G. 
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Proof of Theorems 1,2 and 3. If M and M’ are homeomorphic, then they are isometric 
by Mostow’s rigidity theorem. Let 6 : AtI + Al’ be an isometry. Let H (respectively 
H’) be the finite cyclic group of covering transformations of M (respectively M’). Set 
z =: 6H’S-‘. For a given prime p dividing n let S,, (respectively S$ be the Sylow p- 
subgroup of H (respectively H) and let Ip (respectively TP) be a Sylow p-subgroup of the 
orientation-preserving isometry group Iso+ (which is a finite group) containing S, 
(respectively 5’;). Up to a conjugation we can assume that I, = 7,. Note that the lixed- 
point set of H (hence of SP) is the preimage E in A1 of the link L and H (respectively 
S,) operates as a group of rotations around each component of z (similarly for H’). By 
Proposition 5, either S, is normal in lP or a conjugate subgroup zS,z-’ with 5 E 1,] 
different from S, is contained in the normalizer NI,, (S,) of S, in Ip. 
Suppose first that a conjugate subgroup zSPzP’ with IC E I,, different from S, is 
contained in the normalizer Nr,, (S,). Then there exists a nontrivial isometry y of M 
such that y E zSPx- and y $ S,. The isometry 2-l yx is a nontrivial isometry of M 
contained in S, and its fixed-point set is L which is a link with the same number T 
of components and same lengths as the components of L. Then y also has a nonempty 
fixed-point set z(z) which is a link with T components with the same lengths as L. 
Because y E N_rE(SP), then y fixes setwise the fixed-point set i of S,,. But we have 
seen above that L is also the fixed-point set of H and that H locally acts as a group of 
rotations around each component of z. Thus y normalizes H and descends to a nontrivial 
orientation-preserving isometry of O,(L) with nonempty fixed-point set. It follows from 
Lemma 4 that the number T of components of the fixed-point set x(z) of y divides n 
and that all the components of X(X) have the same length in M. This implies that the 
number T of components of the link L divides n and that all the components of L have 
the same length in O,(L). 
If the hypotheses of Theorem 1 hold, that is T does not divide n, then this case is 
impossible. If the hypotheses of Theorem 2 hold, that is the isometries of O,(L) are 
fixed-point free, then this case is also impossible, because r~ descends to an isometry of 
c3,, (L) with nonempty fixed-point set. If the hypotheses of Theorem 3 hold, that is the 
components of L have not all the same length in 0, (L), then this case is also impossible. 
In conclusion, if the hypotheses of Theorems 1, 2 or 3 hold, this case is impossible. 
Hence we can suppose that S, is normal in?n. Because any element y of lP normalizes 
S,, then it fixes setwise the fixed-point set L of S,. But z is the fixed-point set of H 
too; thus y normalizes H and descends to an isometry of O,(L). If the hypotheses of 
Theorem 1 hold, it follows from Lemma 4 that y has a fixed-point set with T components 
if and only if y E S,. If the hypotheses of Theorem 2 hold, then y has nonempty fixed- 
point set if and only if y E S,. If the hypotheses of Theorem 3 hold and y fixes pointwise 
a link with two components of different length, then y E S,. We have seen above that 
TP C IP; moreover any element of 3, fixes pointwise a link with the same number T of 
components and same lengths as L’. Hence, if we are in the hypotheses of Theorems 1, 
2 or 3, we have S, = 3,. In particular S, and S, have the same fixed-point set x which 
implies H = z. So H = 6H’S-’ and S descends to an isometry of L and L’. 
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This finishes the proof. 0 
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